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Abstract 

This paper is an appendix to the paper "Random walks on free products of cychc groups" 
by J. Mairesse and F. Matheus. It contains the details of the computations and the proofs 
of the results concerning the examples treated there. 
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1 Introduction 

Let G be a free product of a finite family of finite groups, and let the set of generators S be the 
union of the finite groups. We consider a transient nearest neighbor random walk on (G, S). The 
harmonic measure is Markovian with a special combinatorial structure that can be completely 
described via a finite set of polynomial equations (see |^ for a proof and references). In several 
simple cases of interest, the polynomial equations can be explicitly solved, to get closed form 
formulas for the drift, the entropy, the probability of ever hitting an element, or the minimal 
positive harmonic functions of the walk. To illustrate, we give in [T| explicit formulas for the 
drift in the following cases: the modular group Z/2Z + Z/3Z, Z/3Z + Z/3Z, Z/kZ-kZ/klj and 
the Hecke groups Z/2Z * Z/kZ. The present paper is an appendix to p. The purpose is to 
give the details of the computations and the proofs of the results concerning these examples. 
Vershik's notion of extremal generators is also investigated in and several examples and 
counter-examples are given. Again, the details of the computations are to be found in this 
appendix. 

This appendix is self-contained in the following sense: the examples treated and the results 
proved are specified. On the other hand, we make a constant use of notations, notions or results 
from which are not redefined or reproved. Hence, it is probably not a good idea to read this 
appendix independently of the parent paper. 



2 Explicit Drift Computations 

We give here the details of the computations and the complete proofs of the results stated in 
[H §4.2-4.5]. 
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2.1 Random walks on Z/2Z.^Z/3Z 



The group Z/2Z*Z/3Z is isomorphic to the modular group PSL(2,Z), i.e. the group of 2x2 
matrices with integer entries and determinant 1, quotiented by itld. Let a and h be the respective 
generators of Z/2Z and 'L/2>L. A possible faithful representation of the group is 



" -1 ■ 




" 1 -1 " 


h = 




1 




1 



(1) 



Consider a general nearest neighbor random walk (Z/2Z*Z/3Z, //). Set /i(a) = 1—p — q, fi{b) = 
p, = q. In Figure^ we have represented the Cayley graph of Z/2Z*Z/3Z and the one-step 
transitions of the random walk. 



xaba" 



xab i 
|x{b)\ 



Figure 1: A nearest neighbor random walk on Z/2Z*Z/3Z. 



Consider first the case of a random walk satisfying: /x(a) = l — 2p,fi{b) = n{b'^) =p,p G (0,1/2). 
Here, we are in the situation described at the beginning of [TJ §4.1] where computing the drift 
is elementary and does not require any information on the harmonic measure. According to ^ 
Eq. (21)], we have: 

7 = 5^. (2) 

2 — p 

To go further, let us compute explicitly the harmonic measure. Consider the Traffic Equations 



^ Eq. (11)]. By symmetry, we should look for a solution r satisfying r(6) 



With this 



simplication, the Traffic Equations yield a single equation: r(a) 
is: 

P 



2(1 —p)r{b). So the solution 



[r(a),r(6),r(62)] 



1 



1 



1 



2 - p ' 2(2 -p) ' 2(2 -p) 

Observe that the transition matrix defining the Markovian multiplicative harmonic measure is 
(the elements of S being ranked in the order {a, b, &^}): 



P 



1/2 1/2 

1 
1 



Hence the harmonic measure is the uniform measure except for the distribution of the initial 
element of the normal form. Observe that the harmonic measure is never stationary. Indeed, 
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the stationary distribution of P is tt = [1/2, 1/4, 1/4], and the equation r = vr has no solution 
in p. 

Now let us consider the general nearest neighbor random walk on Z/2Z ★ Z/3Z defined by 
/i(a) = I — p — q,ix{h) = p,n{b'^) = q. The direct computation of the drift is not possible 
anymore. However, [T| Theorem 3.5] applies and, furthermore, the harmonic measure can be 
explicitly determined. Then we derive the drift using '1, Corollary 3.6]. 
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Figure 2: The drift of the random walk (Z/2Z*Z/3Z, /i) as a function of p = and q = 
from two different angles. 

The Traffic Equations 1, Eq. (11)] are: 

r(o) = {l-p-q){r{b) + r{b'^)) +qr{b) +pr{b'^) 

r{b) = pr{a) + gr(6^) + {I - p - q) J^^^^f^^^ (3) 

rib") = qr{a)+pr{b) + {l-p-q)-^^^^^. 

Substituting 1 — r(5) — r(6^) for r(a) in the first equation, we get r{b'^) = (1 — (2 — p)r{b)) / {2 — 
q). Plugging this into the second (or third) equation allows us to compute r{b). After some 
simplifications, we get: 

, , p^ + q^ - 2pq-p- q + A- 

"("^ = 2K, 

, q^ - 3^2 + p2 _ 5 _^ 2p + 6g - (2 - g) Ai 

= 

,,2n - 3p^ +pq^ - 5pq + 6p + 2q- {2- p)Ai 

= • 

with 

Ai = \/p'^ + q"^ — 2p^ — 2q^ + 2p'^q'^ — Qp^q — Gpq"^ + 5^^ + Sg^ + 6pq 
A2 = p"^ + q"^ - pq - 2p - 2q + i . 
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Set r = n{a) = 1 — p — q. The drift is then: 



7 



2r(pq- p- q + ^/(p^ + q^){3 + (r + p)2 + (r + g)2) + 2pg(2r + i; 



(r + p)2 + {r + q)'^ - pq + 2 



(4) 



For instance, the drift is maximized for r = zo,p = 1 — ZQ,q = (or r = zo,p = 0,q = 1 — zq)), 
where zq is the root of [z^ + 12z^ — + 47z^ — 48z + 12] whose numerical value is 0.490275 • • • . 
The corresponding numerical value of the drift is 7max = 0.163379- • • . This was not a priori 
obvious! 

We are in the domain of application of ^ Proposition 3.9]. On the other hand, the harmonic 
measure is never shift-invariant. This can be proved by showing directly that the Stationary 
Traffic Equations have no solution. 

2.2 Random walks on Z/3Z.^Z/3Z 



x.a.b 



x.a^.b 



x.a.b 




Figure 3: A nearest neighbor random walk on Z/3Z*Z/3Z. 

Consider the probability fj, such that ;u(a) = = p,^{a?) = iiilP') = q = 1/2 — p. According 
to Proposition 3.8], the harmonic measure is ergodic. Let us solve the Stationary Traffic 
Equations ^ Eq. (12)]. By obvious symmetry, we should have r(a) = r(6) and r{a'^) = r{b'^). 
Set r{i) = r{a^) + r(6*) for i = 1, 2. Using that r(2) = 1 — 'r(l), the Stationary Traffic Equations 
yield a single equation: 

(2p-l)r-(l)2 + (2p-^)r(l)-i = 0. 
The unique solution lying between and 1 gives 



r{a)=r{h) = ^^^^ , r(a ) = r(6 ) = ^^^^ . (5) 

The harmonic measure is the ergodic Markovian multiplicative measure associated with r. In 
particular, the drift is 

7 = \-P+{?P-\)r{l) = -^ + ^Vl6p2-8p + 5. (6) 
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Now consider the nearest neighbour random walk {'L/'i'L -k 'L/2>L, ^j) with another symmetry: 
^(a) = /u(a^) = p,fi{b) = ii{h'^) = q = 1/2 — p. Here, it is not difficult to check that there is 
no solution to the Stationary Traffic Equations T, Eq. (12)]. Let us turn our attention to the 
general Traffic Equations 1, Eq. (11)]. By obvious symmetry, we should look for a solution r 
satisfying r(a) = r{a?) and r(6) = r{b'^). It implies that r($]\Sa) = r(6) + r(6^) = 2r(6) and 
r(S\S;,) = r(a) + r(a^) = 2r(a). The Traffic Equations get simplified as follows: 

r(a) = pr{a) + {2p + q)r{b), r{h) = qr{h) + {2q + p)r{a) . 

The solution to the above is: 

r(a) = r(a ) = — - — , r{b) = r(h ) = — — . 

o 6 

The harmonic measure is the Markovian multiplicative measure associated with r. We have 
^°°{uiU2 ■ ■ ■ Uk^^) = r{ui){l/2)''~^ , i.e. is the uniform measure except for the distribution 
of the initial element of the normal form. Using ^ Eq. (19)], the drift is 

7 = 4pg = 2p(l - 2p) . (7) 

The above formula for 7 could have been obtained using ^ Eq. (21)] since is uniform on 
each of the two cyclic groups. 

We have represented in Figure 0] the drift as a function of p for the two above cases: (i) 
^(a) = //(6) = p, /i(a2) = ^(52) = 1/2 - p (driftl); (ii) ^(a) = ^(a^) = p, ^(6) = ^(5^) = 1/2 - p 
(drift2). 




1 ' ' ' 1 1 ' ' 1 1 3 

0.05 0.1 0.16 0.2 0.25 0.3 0.35 0.4 0.45 0.5 



Figure 4: The drift of (Z/3Z * Z/3Z, /i) as a function of p. 

At last, consider the case /x(a) = p, ^[a?) = q, and iJ,{b) = fJ-{b^) = {l—p—q)/2. Solving explicitly 
the Traffic Equations is feasible but provides formula which are too lengthy to be reproduced 
here. However, for the drift, several simplifications occur, and we obtain the following formula: 



7 = 2(l-p 



p + g + pq 
p2 _|_ g,2 _ 2pq jf- 3 



The graph of 7 as a function of p and q looks like the one in Figure |2l 

For the general nearest neighbor random walk on Z/3Z*Z/3Z, we did not succeed in solving 
completely the Traffic Equations. 
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2.3 The simple random walks on Tj/k'Li^lj/k'L 



We now consider the whole family of groups 'L/k'Li^'L/k'L, k > 3. However, we have to compro- 
mise by considering only simple random walks (with respect to a minimal set of generators). In 
Figure El we show this simple random walk in the case Z/4Z ★Z/4Z. 

Here we obtain "semi-explicit" formulas: we define recursively a family of polynoms of one 
variable {Fk)k, and the harmonic measure is expressed as a function of the unique solution in 
(0, 1) of Ffc = 1. For A; > 6, we have no closed form formula for this unique root. 

Consider the free product d ★ G2 = Z/kZi.Z/kZ. Set Si = Gi\{1gi} = {a, • • ■,a}''^}, S2 = 
G2\{1g2} = {b, ■ ■ ■ and S = SiUi;2. Consider the simple random walk {'L/k'L-k2,/k'L^ 11) 

with ^{a) = fi{b) = /i(a~i) = ^l{b^^) = 1/4. 



o o 

— o — o — o 

O O O £}- 



o — o 

O Q 



9 — Y 

O 

9 



o — (V 



— — 




Figure 5: The simple random walk on Z/4Z*Z/4Z. 



According to |^ Proposition 3.8], the harmonic measure is ergodic. To determine it, we need to 
solve the simpler Stationary Traffic Equations 01 Eq. (12)]. Set r{i) = r[a^) + r(6*) = 2r(a*) = 
2r{U). The Stationary Traffic Equations are: 



1 

1 



1 

1 



1 

+ 4 



1 

1 

1 

1 



1 

1 

1 

1 



1 

+ 4 



r(l) r(2) 




r(l) r(2) 



then it is clear that [r{k — 1 
all i. 
[uati( 

l),r 



r{k - 1) 






r{k - 1) 

■(8) 

,r(2),r(l)] is 



If [r(l), r(2), . . . , r{k — 1)] is a solution to 

also a solution. By uniqueness, we deduce that r(i) = r{k — i) for all i. In particular, we have 
r(l) = r{k — 1). For convenience, set r(0) = r{k) = 1. Then the Equations ((HI) rewrite as: 



2(2 - r(l))r = [r(0) + r(2), r(l) + r(3), . . . , r(/c - 3) + r( 
that is, for all i G {1, A; — 1}, 

r{i + 1) + r{i - 1) = 2(2 - r{l))r{i) . 
Consider the applications F„ : [0, 1] ^ M, n G N, defined by 

Fo(x) = 1, Fi{x) =x, Vn > 2, F„(x) = 2(2 - x)F„_i(x) - F„_2(x 



2)+r(A;)], (9) 
(10) 
(11) 
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To illustrate, here are the first values of 



F2{x) 

Fa{x) 
F5{x) 
Fe{x) 



-2x^ + 4x - 1 

- 16x^ + 17x - 4 
-Sx*^ + 48a;^ - QGx^ + 72x - 15 



1282;^ + 380x^ 



512x^ + 301x - 56 



-32x^ + 320x^ - 1264x^ + 2496x^ - 2554^^ + 1244x - 209 



By construction, the unique solution r G S of the Traffic Equations ()1U() satisfies r{i) = Fi{r{\)) 
for all i G {1, . . . , A; — 1}. Hence, it is enough to determine r(l). For convenience, set Xk = ^'(l)- 
The equalities r{i) = r{k — i) for all i G {1, . . . , k — 1} rewrite as Fi{xk) = Fk-i{xk) for all 
z G {1, . . . , — 1}. Now, using ((TT|) twice, we get 

Fk{xk) = 2(2 - - Ffc_2(a:fc) 

= 2{2 - Xk)Fi{xk) - F2{xk) 

= 2(2 - Xk)Fi{xk) - [2(2 - Xfc)Fi(xfe) - ^0(2;^)] = Fo(xfc) = 1 . 

Next lemma shows that the equality Fk{xk) = 1 is actually a characterization of Xk- 
Lemma 2.1. For k > 3, the equation Fj.{x) = 1 has a unique solution x^ in (0, 1). 

Proof. Notice first that: 

Ml) = jk^ Fk{l) = l- (12) 

Now, let us prove that there exists a point x^ G (1/3, 1) such that is strictly increasing on 
[0, x^) and strictly decreasing on (x'^, 1]. In view of (|12j) . the proof of the lemma will then follow 
directly. 

Consider the matrix 

"2(2-x) -1 
1 



(13) 



for X G [0, 1]. Rewriting (|11|) in matrix form, we get, 



Fk 

Fk^i 



A 



Fk-i 

Fk~2 



A 



k-l 



Fi 
Fo 



The eigenvalues of A are 

Ai = 2 - X + V(l-x)(3-x), A2 = 2 - X 
and Ai / A2 for X / 1. By diagonalizing, we get for x / 1, 

A 



V(l-x)(3-x) . 



1 


Ai A2 




" Ai ■ 




" 1 -A2 " 


Ai — A2 


1 1 




A2 




-1 Ai 



Using ((Til) and H16() . we obtain 

Fk{x) = [ A1-A2 
By differentiating (fTT|) . we get 



r A^ 







X - A2 





^2 




Ai — X 



X- h ^ Ai - X ^^fc 



Ai — A2 



Ai — Ag 



(14) 



(15) 



(16) 



(17) 



FL 



A'^ 



(x-3 + 2(l-x)i/2(3_^) 



+ 2 



+ A§ 



(-X + 3 + 2(1 - x)^/2(3 _ xy/2^k + 2 



2(3-x)3/2(l-x)l/2 



(18) 



Set/i(x) =x-3 + 2(l-x)i/2(3_2;)i/2 and/2(x) = -x + 3 + 2(1 - x)V2(3 _ a;)V2. it is easily 
checked that /i and /2 are strictly decreasing on [0, 1]. Since /2(1) = 2, we have /2 > on [0, 1]. 
On the other hand /i(l/3) = 0, hence we have /i > on [0, 1/3) and /i < on (1/3, 1]. Since 
we have Ai > and A2 > for all x S [0, 1], it follows immediately that F( > on [0, 1/3] and 
has at most one zero in [0, 1]. Now by differentiating Hll|). we get that 

Flix) = 2(2 - x)Fl_^{x) - 2Ffc_i(x) - Fl_^{x) . 

In particular F^(l) = 2Fl_^{l)-2-Fl,_^{l). It follows easily that for > 3, we have F^(l) < 0. 
Consequently, has exactly one zero in [0, 1] which belongs to (1/3, 1). □ 

To illustrate Lemma l2. 11 we have represented in Figure El the functions and Fiq. 
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Figure 6: The functions F<^{x) and Fiq{x). 

Let us collect the above results. The harmonic measure of the simple random walk {'L/k'L-k 
Z/fcZ, yu) is the ergodic Markovian multiplicative measure associated with: 

r = [xk,F2{xk),F-i{xk),---,F2{xk),Xk] 
where Xk is the unique solution in (0, 1) of the equation Fk{x) = 1. 

Now let us compute the drift jk using the harmonic measure, see 1X1 Corollary 3.8]. We have 

Lemma 2.2. The drift 'jk is a strictly increasing function of k and satisfies linik 'jk = 1/3. 

Proof. Fix X £ (1/3, 1). Recall that Fn{x) > for all n (Lemma 12. 1|) . Consider the expression 
((T7|) . We have Ai > 1 and < A2 < 1. It follows easily that lim„ F„(x) = lim„ A"(x - A2)/(Ai - 
A2) = +00. 

Define Rn = Fn+i{x) / Fn{x) for n G N. Using (fTT|) . we obtain 

i^o = x, Vn > 1, Rn = 2(2 - x) - . 

Assume that there exists some n such that Rn > 1. Then we have Rn+i > 2(2 — x) — I > 1, 
since x < 1. Since lim„ F„(x) = +00, we deduce that there exists £ I^\{0} such that Fn{x) is 
a strictly decreasing function of n for n < n^, and a strictly increasing function of n for n > . 
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Now, let us prove that x^+i < x^- We have S (1/3,1), Fi{xk) = -Ffc-i(xfc). It imphes 
that n^* < k — 1. In particular Fk+i{xk) > Fk{xk) = 1- In view of the behavior of Ffc+i, 
as described in the proof of Lemma l2. 11 it implies indeed that a^fc+i < x/^. Therefore, 7^ is a 
strictly increasing function of k. 

Consider x £ (1/3,1). We have seen that lim„F„(x) = 00. So there exists such that 
Vn > Nx,Fn{x) > 1, and therefore Vn > Nx,Xn < x. It implies immediately that lim„ j;„ = 1/3 
and lim„7„ = 1/3. □ 

To summarize, we have proved the theorem below. 

Theorem 2.3. Consider the group Z / kZ -k Z / kZ , the generators of the two cyclic groups being 
respectively a and b. Consider the simple random walk {Z/kZ-kZ/kZ, ji) with //(a) = ^{a^^) = 
li{b) = fi{b^^) = 1/4. The harmonic measure is the Markovian multiplicative measure associated 
with r.- Vi G {1, . . . , fc — 1}, r(a*) = r(6*) = Fi{xk)/2, where Fi is defined in ill]) and x^ is the 
unique solution in (0, 1) of Fk{x) = 1. The drift is 7^ = (1 — Xk)/2. It is a strictly increasing 
function of k and limfc7fc = 1/3. 



3-V5 Vb 1 3-V5 
8 ' X ~ 2' 8 



(19) 



To illustrate, let us give the vector r for Z/4Z*Z/4Z: 

[ria),r{a^),ria^)] = [rib),rib^),r{b^)] = 
and for Z/5Z*Z/5Z: 

[r{a),r{a'^),r{a^),r{a'^)] = [r{b),r{b'^),r{b^),r{b'^)] = 

Now, here is a table of the first values of 7^, given either in closed form or numerically when no 
closed form could be found. Set Z^ = Z/kZ. 



5-V13 V13-3 V13-3 5-VT3 





ZskZ^ 


Z4 -k Z4 


Z5*Z5 


Zg k Zg 


Z7*Z7 


Zg^Zg 


7 


1/4 


(^/5-l)/4 


(^- l)/8 


0.330851... 


0.332515... 


0.333062... 



The limit case. The limiting value of 1/3 for 7^ as A; — > 00 was to be expected. Let us 
show why. The 'limit' of Z/kZ k Z/kZ as A; — > 00 is Z ★ Z. The group Z * Z is the free group 
over two generators, its Cayley graph is T4, the homogeneous tree of degree 4. Analysing the 
simple random walk on Z ★ Z is straightforward. Let a and b be the respective generators 
of the two groups and let be the harmonic measure with respect to the set of generators 
S = {a, o~^, b, b~^}. (The existence of is classical, see the discussion following ^ Proposition 
2.1].) A word n G S* is a normal form (or reduced) word if u = ui ■ ■ ■ Uk with Vi,Ui+i 7^ ■ 
For any normal form word u G S'^, we have, by symmetry, fi°°{uTp) = 1/4 x 1/3'^^"'^. In 
particular the drift is 7 = 1/2. 

However, our computations in Z/kZ k Z/kZ correspond to the set of generators 
{a, . . . ,a^~^,b, . . . jb''^^}, and not to the set of generators {a,a~^,b,b~^}. To get the ana- 
log in Z kr Z, we have to compute the drift with respect to the infinite set of generators 
S = {a*,6*,z G Z\{0}}. Let Xoo = xi ■ ■ ■ Xn • • • be a r.v. distributed according to fi°°. Let 
r = maxj/c | xi = • • • = x^}. The expectation E[t] is the rate of reduction of the length when 
recoding a reduced word over S in terms of S. Therefore the drift with respect to S is equal 
to (1/2 X 1/E[t]). Using the above formula for we get P{t = k} = 1/3'"-^ x 2/3. It 
implies that E[t] = 3/2. So the drift of the simple random walk on Z*Z with respect to S is 
(1/3 = 1/2 X 2/3). 
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2.4 The simple random walks on TLl2TL'k7LlVL 

We study simple (for a minimal set of generators) random walks on 'L/2'L-k'L/k'L. The results 
are "semi-explicit" as in ^2.31 

The groups 'L/2'L-k'L/k'L are known as the Hecke groups. A possible faithful representation of 
'L/2'L-k'L/k'L^ generalizing the one given in is 

2cos(7r/A;) -1 
1 

where a and h are the generators of Z/2Z and Z/fcZ respectively. 

Consider the free product Z/2Z*Z/A;Z, with a and b the respective generators of the two cyclic 
groups. We consider the simple random walk {'L/2'L-k'L/k'L, /x) with /u(a) = = fi{b~^) = 1/3. 



" -1 ■ 




b = 


1 






6 6 



Figure 7: The simple random walk on Z/2Z*Z/4Z. 



We have seen above that even for Z/2Z*Z/3Z, the harmonic measure is not ergodic. Hence 
we should try to solve the general Traffic Equations ^ Eq. (11)]: 



r(a) 


1 - 
3 - 


r(6) 


1 - 
3 . 


r{b') 


1 - 


3 - 


r{b^-^) 


1 - 
3 . 



l-r(a) + r(6) + r(6'=-i) 



r(a) + r(6^) + r{b) 



r a 



1 — r(a) 



r(b' ^)+r{U+^)+r{b') 
+r(a) +r( 



r a 



1 — r[a) 



1 — r(a) 



By symmetry, we must have r(6*) = r{b^~^) for all i. Hence the first equation gives: r(a) = 
1/4 + r{b)/2. Now set r(6°) = r{b'') = r{a) = 1/4 + r{b)/2. Rewriting the Traffic Equations 
(except the first one), we get for i = 1, . . . , A; — 1, 



r 3 - 2r{b) 



')+r{b'+^) 



(20) 



_8(l-r(6))_ 

This should be compared with H10() . Consider the applications Gn ■ [0, 1] — > M, n G N, defined 
by 



Goix) = - + ^, Gi{x)=x, Vn>2, G„(x) = ^;L^) 
4 2 6 — 2x 



Gn-l{x) - Gn-2{X) . (21) 
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In illustration, here are the first few values of Gi'. 

(2x- 3)^2(2;) - -^-2 
(2x-3)2G3(x) 
(2x - 3)^G4(x) 



Tx^ -7x + 3/4 
52x^ - lOOx^ + 53x - 6 



1552x^ - 44163;^ + 42963;^ - 1600x + 165 



From now on, the arguments become very close to the ones in ^2.31 Hence, we choose not to 
detail them. Observe just that the value of x playing a special role (similar to the one of 1/3 in 
^Oj) is now 1/6 with Gi(l/6) = 1/(3 x 2'). 



Next theorem summarizes the results. 

Theorem 2.4. Consider the group "L / TL -k Ij / klj , the generators of the two cyclic groups being 
respectively a and h. Consider the simple random walk (Z/2Z * Z/A;Z, ^u) with fj,{a) = fi{b) = 
/i(6~^) = 1/3. Let the functions Gi be defined as in \21\) and let yi^ be the unique solution 
in (0,1/2) of Gk-i{yk) = Vk- The harmonic measure is the Markovian multiplicative measure 
associated with r: r(a) = Go(yfe), Vi G {1, . . . ,k — 1}, r{h'-) = Gi{yk). The drift is 7^ = 
(1 — 2yk)/3. It is a strictly increasing function of k and liuikjk = 2/9. 



Here is the vector r for Z /2Z -k Z /42 

[r{a),r{b),r{b^),r{b')] 
and for Z/2Z*Z/5Z: 

[r{a),r{b),r{b^),r{b'),r{b^)] 



21 



38 



12 

61 23 
38 



V7_ 2 
" 3 



6 ' 



-11 + 5\/7 2 
'3 



12 



6 



61 -29 + 5^/61 



76 



19 



-29 + 5V61 23 V61 
'38 



76 



19 



In next table, we give the drift of the simple random walk on Z/2Z*Z/fcZ for the small values 
of k. The drift is given in closed form when possible, otherwise numerically. Set Z^. = Z/fcZ. 





Z2*Z3 


Z2*Z4 


Z2*Z5 


Z2*Z6 


Z2*Z7 


Z2*Z8 


7 


2/15 


{V7-l)/9 


(2V6T-4)/57 


0.213412... 


0.217921... 


0.220101... 



The limit case. As in H2.31 the result lim^jk = 2/9 can be recovered using only elementary 
arguments. The 'limit' as A; —> 00 of Z/2Z*Z//cZ is Z/2Z*Z. Let a and 6 be the respective 
generators of Z/2Z and Z. The Cayley graph of Z/2Z*Z with respect to S = {a, 6, b~^} is T3, 
the homogeneous tree of degree 3. 

From there, we proceed as in H2.3I The drift of the simple random walk on T3 is obviously 
1/3. The harmonic measure is /i°°(ui • • • u^S^) = 1/3 x 1/2^^^^ for any normal form word 
ui ■ ■ ■ Uk G S^. Set S = {a,¥,i G Z\{0}}. Let X^o = xi ■ ■ ■ Xn ■ ■ ■ be a r.v. distributed 
according to Let r = max{A; | xi = • • • = Xk}- If xi = a, then r = 1. On the other hand, 
P{t = k \ xi = b or b-^} = 1/2^^. So we have E[t | xi = a] = 1 and E[t \ xi G {b,b~'^}] = 2. 
In a normal form word over S, we have a strict alternance of a single a with blocks of b or 
b^^. Hence the expected reduction in length when recoding a normal form word over S is 
3/2. We conclude that the drift of the simple random walk on Z/2Z*Z with respect to S is 
(2/9 = 1/3 X 2/3). 



3 Entropy and Extremal Generators 

Here, we give the proofs of the results announced in [T] §5.1], and recalled below. 
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Statement of the results. 



• A. Consider a free product of two finite groups, Gi * G2. Consider the probabihty 
fip on S such that Hp = pU^;^ + (1 — p)Uy.2i where C/s, is the uniform distribution on Sj, and 
where p G (0, 1). Then we have h/{^v) = 1, for the whole family of probabilities fip. This does 
not extend to the free product of more than 2 groups, see B, nor to minimal sets of generators 
S C T,, see C. 

• B. Consider the group Z/2Z * Z/2Z ★ Z/2Z, and let a,b, and c be the non-identity 
elements of the three cyclic groups. Consider the family of probability measures fip,p G (0, 1/2), 
defined by: ^p(a) = = p,Hp{c) = 1 — 2p. Among them, the only probability such that 
h/iiv) = 1 is ^1/3. 

• C. Consider the group Z/2Z*Z/4Z. Let a and b be respective generators of the two 
cyclic groups. The minimal set of generators S = {a, b, b~^} is extremal but h/l'jv) < 1 for all n 
in 8. Consider now the group Z/3Z*Z/4Z. The minimal set of generators S = {a,a~^ ,b,b~^} 
is extremal. Actually, the only symmetric probability measure on S for which h = jv is 
^ = p{5a + 5a-i) + (1/2 - + (5fc-i) with p = 0.432692- • • is the middle root of the 
polynomial — 1?)X^ + 7x — 1. Observe that ^ G S. Last, consider the group 'L/A'L-k'L/'i'L. 
The minimal set of generators S = {a, a~^, 6, is not extremal. Indeed, 

5 + \/5 log (1/2 + ^/5/2) 
Q{S) = ' ^ V / ; ^ 0.987686 • • • . 

4 log(l + ^/2) 



Proof of A. The volume \s v = log(|Si||S2|)/2. Set r(Sj) = X^xgSi ^(^) = 
^^gj]. g(x). By symmetry, for all x G Sj, we have r(x) = r(Ej)/|Sj| and q{x) = (/(Sj)/|Sj|. 
Using 1, Eq. (7)] and Eq. (36)] we obtain 

7 = MSi)(r(S2)-^)+MS2)(r(S0-^) 

l^ll l^2| 

To go further, let us solve the Traffic Equations. We have: 

,y ^ ^ MSl)+MS2)/|S2| ^ MS2)+MSl)/|Si| 

^ ^> l + MSi)/|Si|+/i(S2)/|S2| ' ^ ^' l + MSi)/|Si|+^(S2)/|S2| ■ 
It follows immediately that: 

r(Si)(/i(S2)+/i(Si)/|Si|) = r(S2)(MSi)+MS2)/|S2|) 
^ M5^i)(r(S2)-r(Si)/|Si|) = ^^2) (r(Si) - r(S2)/|S2|) . 

Using the above equality, we can rewrite the drift and the entropy as follows: 

7 = 2MSi)(r(S2)-r(Si)/|Si|) 

h = -MSi)(r(S2)-r(Si)/|Si|)(log(|Si|/g(Si))+log(|S2|/g(S2))) 
= -MSi)(r(S2) - r(Si)/|Si|) log(|Si||S2|) , 

where we have used the identity q{T,i)q{T,2) = 1 to obtain the last equality. We conclude that: 
/i/7 = log(|Si||E2|)/2 = z;. 
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Proof of B. The volume of Z/2Z ★ Z/2Z * Z/2Z is u = log(2). The Traffic Equations can be 
explicitly solved and we obtain the drift 7p and the entropy hp associated with the measure fip: 

Iv = + + ^^^W - 20p + 9 

hp = 7p log(2) + log (3 -2p+ ^J^p^ - 20p + 9)|(-1 + 2p + - 20p + 9) + 

, / v^V - 20p + 9\ 1 - 2n, / — ^ , 

log(-l + ^ \_2p )^-^(^ - 2^ - W-20P + 9) . 

Let us write hp = 7plog(2) + f{jp). A direct analysis shows that f{p) = if and only if p = 1/3. 
We deduce that hp/^p = v if and only if p = 1/3. 



Proof of C. Consider first the group Z/2Z*Z/4Z and let a and h be the respective generators 
of the cyclic groups. Consider the minimal set of generators 5 = {a, 6, First of all, let 

us compute the volume v{S) with respect to S. Deciding to write as 65, we enumerate the 
group elements using the automaton of Figure |H1 More precisely, each path of length n (starting 
with a, b, or b^^) corresponds to a different group element of length n + 1 with respect to S. It 




110 
10 1 
10 
10 



Figure 8: An automaton enumerating the group elements according to | • I5. 

follows that v{S) = log(/9) where p is the spectral radius of A, the matrix associated with the 
automaton. We deduce that v{S) = log(l/2 + -v/5/2). 

Consider /i G S with /i(a) = 1 — 2p, /i(6) = ^i{b^^) = p,p £ (0, 1/2). The solution to the Traffic 
Equations is: 



, , 2 — p — p"^ — p\/5 — 6p + p'^ 

'^^^ = W^) 



r{b)=r{b-') = ^-P-V^-^P + Pl 



r{b' 



2. -A + bp-p"^ + {2- p)^/5 -Qp + p^ 



4(1 -p) 



The value of the drift follows (when computing the drift, one must remember that the element 
6^ has length 2 with respect to S): 



, a \ p(2p + 5) p{2p + 1)a/5 - 6p + p2 
= 7, 



2 2(1 -p) 

Knowing r, the explicit formula for h{p) is computable, but quite long. One checks di- 
rectly on the resulting expression that h{fj,) / {^{S, fi)v{S)) < 1 for all p £ (0,1/2), and that 
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O O.I 0.2 0.3 0.4 0.5 



Figure 9: The ratio h{n)/{j{S, n)v{S)) for (Z/2Z*Z/4Z, ^u) (top) and (Z/4Z*Z/4Z, /x) (bottom) 
as a function of p = fi{b) = fj.{b^^). 



liuip^Q h{fj,)/{'y{S, fi)v{S)) = 1. See Figure 1^1 Hence Q{S) = 1, the set of generators S is 
extremal. 

Consider now the group Z/3Z*Z/4Z and the minimal set of generators S = {a,a~^,b,b~^}. 
With the same type of arguments as above, we obtain that the volume with respect to S is 
v{S) = log(/o) where p = 2.21432 • • • is the real root of the polynomial — 4x — 2. 

Consider the measure ^ G S defined by /i(a) = p{a^^) = p, /x(6) = ii{b~^) = \/2—p,p G (0, 1/2). 
The solution to the Traffic Equations is: 



r(a) = r{a ^) 
r{b) = r{b-^) 
r{b^) 



5 + 4p - 4p2 - (1 - 2p)v^9 + 4p - 4p2 
8(2-p)(l+ p) 

5 - 2p - + Ap - 4p'^ 
4(2^^P^ 



-7 - 6p + 4p2 + 3y^9 + 4p - 4p2 



4(2-p)(l+p) 
Computing the drift cautiously as above gives: 

;i - 2p)(12 + lip - 10/ - (4 - 5p)V9 + 4p-4p2) 



A{2-p){l+p) 



With the explicit formula for /i(//), one checks directly that the maximum of h{p,) / {^{3, fi)v{S)) 
is 1 and is obtained for p = 0.432692 • • • which is the middle root of the polynomial 5x'^ — 
13a;2 + 7x-l. 

Last, consider the group Z/4Z*Z/4Z and the minimal set of generators S = {a,a^^ ,b,b^^}. 
Again, with the same type of arguments as above, we obtain that the volume with respect to S 
is v{S) = log(l + 

Consider the measure defined by iJ.{a) = /i(a^^) = p, fj,{b) = fJ-{b^^) = 1/2 — p for some p G 
(0, 1/2). The solution to the Traffic Equations is obtained formally. Consider the two equations: 



(-4 + 8p'^)X^ + (4 + 8/)x3 + (3 + 4p)x2 - (2 + 2p)X - (1 + 2p) 
(-2 -8p + 8p^)X^ + (6 - 8p + 8p^)X^ + (5 - 4p)x2 + (-3 + 2p)X + 2p-2 
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Denote respectively by T and U the largest real root of the two equations. (The exact formulas 
for T and U are too long to be reproduced here.) We have: 



r(a) = via = — -, r(a^) = ; -, rih) = rib ^) = — — , rih^) = — — — . 

^' ^ ' 2{l + Uy ^ ' 2U{l + U) ^ ' 2(1+T)' ^ ^ 2r(l+T) 

The value of the drift and the entropy follows readily. We get: 

1 - 4p + 2C/(1 - 2p) -l + Ap + ApT 
~ 2U{l + U) ^ 2T(1+T) 

w X , /(C/ + l)(2r + l)\p(2[/2-C/-l) p(u-l) 

I ^^j iT + l){2U + l)Yl/2-p){2T^-T-l) ^ i^g(y)(l/2 -P)(T - 1) 



u{u + i) J r(r + i) ' T{T + i) 

The ratio /i(/u) 7(7(5*, fj,)v{S)) as a function of p has been represented in Figure|Hl It is maximized 
for p = 1/4. This was to be expected since the two groups in the free product are isomorphic. 
Forp = 1/4, one has: r(a) = r{b) = r{a-^) = r(6-i) = (3- V5)/4, r(o2) = r(62) = -1 + ^5/2, 
see (dH). Hence, 7(5, /x) = (3 - V5)/2 and h{fi) = {5 - V5) log(l/2 + ^5/2) /4. It follows that: 

5 + log (1/2 + ^/5/2) 
Q(S) = ' ' ) = 0.987686 • • • . 

4 log(l + ^/2) 

In particular, the generators S are not extremal. 
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